To: P. Rungta From: C. M. Caves Subject: Simple proof that a superoperator that maps Hermitians to Hermitians is left-right Hermitian

2000 November 29

Notice that ⟨ e_l | |A^†(|e_j ⟩⟨e_k| ) | |e_m⟩ = (|e_l⟩⟨e_j | | |A^† | ||e_m⟩⟨e_k| ) = ( |e_m⟩⟨e_k| | |A | ||e_l⟩⟨e_j | )^∗ = ⟨ e_m | |A(|e_k⟩⟨e_j | ) | |e_l⟩^∗ = ⟨ e_l | [A(|e_k⟩⟨e_j | )]^† | e_m ⟩ , which implies that A^†(|e_j⟩⟨e_k| ) = [A(|e_k⟩⟨e_j | )]^† .

Thus we have that

A = A^† ⇐⇒ A(|e_j⟩⟨e_k| ) = [A(|e_k⟩⟨e_j | )]^† .

Theorem. A(H) = A(H)^† for all H = H^† ⇐⇒ A = A^†

⇐= : Write H in terms of its eigendecomposition: H = ∑ j λ_j |e_j ⟩⟨e_j | .

Then A(H) = ∑ j λ_j A ( |e_j ⟩⟨e_j| ) = ∑ j λ_j [A ( |e_j ⟩⟨e_j | ) ]^† = A(H)^† .

Equivalently, since A = A^†, one can write A in terms of its eigendecomposition: A = ∑ α λ_α|τ_α)(τ_α| = ∑ α λ_ατ_α ⊙ τ^†_α .

Then A(H) = ∑ α λ_ατ_αHτ^†_α = A(H)^† .

=⇒ :

A(|e_j⟩⟨e_k| ) = A ( 1 2 ( |e_j ⟩⟨e_k| + |e_k⟩⟨e_j | ) + i −i 2 ( |e_j ⟩⟨e_k| − |e_k⟩⟨e_j | ) )

= A ( 1 2 ( |e_j ⟩⟨e_k| + |e_k⟩⟨e_j | ) ) + iA ( −i 2 ( |e_j ⟩⟨e_k| − |e_k⟩⟨e_j| ) )

= [ A ( 1 2 ( |e_j ⟩⟨e_k| + |e_k⟩⟨e_j | ) )]_† + i [ A ( −i 2 ( |e_j ⟩⟨e_k| − |e_k⟩⟨e_j | ) )]_†

= [ A ( 1 2 ( |e_j ⟩⟨e_k| + |e_k⟩⟨e_j | )) − iA ( −i 2 ( |e_j ⟩⟨e_k| − |e_k⟩⟨e_j | ))]^†

= [ A ( 1 2 ( |e_j ⟩⟨e_k| + |e_k⟩⟨e_j | ) − i −i 2 ( |e_j ⟩⟨e_k| − |e_k⟩⟨e_j | ) )]_†

= [A(|e_k⟩⟨e_j | )]^† .

Therefore, A = A^†.